The analytical solution of the modified radial Schrödinger equation for the Hulthén potential is obtained within ordinary quantum mechanics by applying the Nikiforov-Uvarov method and supersymmetric quantum mechanics by applying the shape invariance consept that was introduced by Gendenshtein method by using the improved approximation scheme to the centrifugal potential for arbitrary l states. The energy levels are worked out and the corresponding normalized eigenfunctions are obtained in terms of orthogonal polynomials for arbitrary l states.
I. INTRODUCTION
As known, one of the main objectives in theoretical physics since the early years of quantum mechanics (QM) is to obtain an exact solution of the Schrödinger equation for some special physically important potentials. Since the wave function contains all necessary information for full description of a quantum system, an analytical solution of the Schrödinger equation is of high importance in non-relativistic and relativistic quantum mechanics [1, 2] .
There are few potentials for which the Schrödinger equation can be solved explicitly for all n and l quantum states.
The Hulthén potential is one of the important short-range potentials in physics. The potential has been used in nuclear and particle physics, atomic physics, solid-state physics, and its bound state and scattering properties have been investigated by a variety of techniques.
General wave functions of this potential have been used in solid-state and atomic physics problems. It should be noted that, Hulthén potential is a special case of Eckart potential [3] .
The Hulthén potential is defined by [4, 5] V (r) = − Ze 2 δe −δr
(1 − e −δr ) (1.1) where Z is a constant and δ is the screening parameter, dimensionless parameters. It should be noted that, the radial Schrödinger equation for the Hulthén potential can be solved analytically for only the states with zero angular momentum [4] [5] [6] [7] [8] . For any l states a number of methods have been employed to evaluate bound-state energies numerically [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
At small values of the radial coordinate r, the Hulthén potential behaves like a Coulomb potential, whereas for large values of r it decreases exponentially so that its influence for bound state is smaller than, that of Coulomb potential.
Because of these results, in this article we have used a method within the frame of supersymmetric quantum mechanics (SUSYQM) using an effective Hulthén potential for any l = 0 angular momentum states, which can be solved analytically. In Ref. [20] In this study, we obtain the energy eigenvalues and corresponding eigenfunctions for arbitrary l states by solving the Schrödinger equation for the Hulthén potential using NikiforovUvarov (NU) method [21] and the shape invariance concept that was introduced by Gendenshtein [22] .
It is known that, using for this potential the Schrödinger equation can be solved exactly for s-wave (l = 0) [6] .
Unfortunately, for an arbitrary l-states (l = 0), the Schrödinger equation does not get an exact solution. But many papers show the power and simplicity of NU method in solving central and noncentral potentials [23] [24] [25] [26] [27] for arbitrary l states. This method is based on solving the second-order linear differential equation by reducing to a generalized equation of hypergeometric-type which is a second-order type homogeneous differential equation with polynomials coefficients of degree not exceeding the corresponding order of differentiation.
In this study, we obtain the energy eigenvalues and corresponding eigenfunctions for arbitrary l states by solving the radial Schrödinger equation for the Hulthén potential within ordinary and SUSY QM.
It should be noted that the same problem have been studied within SUSY QM in Ref. [28] as well, but our results disagree with the result obtained. The Schrödinger equation in spherical coordinates is given as
Considering this equation, the total wave function is written as
Thus, for radial Schrödinger equation with Hulthén potential is
respectively.
The effective Hulthén potential is 3) for l = 0, we must make an approximation for the centrifugal term. When δr << 1, we use an improved approximation scheme [29] to deal with the centrifugal term,
Now, the effective potential becomes
where the parameter C 0 = 1 12 (Ref. [29] ) is a dimensionless constant. However, when C 0 = 0, the approximation scheme becomes the convectional approximation scheme suggested by Greene and Aldrich [30] . It should be noted that this approximation, is only valid for small δr and it breaks down in the high screening region. After using this approximation radial Schrödinger equation is solvable analytically.
We assume R(r) = 1 r χ(r) in Eq. (2.3) and the radial Schrödinger equation becomes
In order to transform Eq.(2.7), the equation of the generalized hypergeometric-type which is in the form [21] 
we use the following ansatz in order to make the differential equation more compact,
Hence, we obtain
Now, we can successfully apply NU method for defining eigenvalues of energy. By comparing Eq.(2.10) with Eq.(2.8), we can define the following:
We change λ = l(l + 1), then we obtain:
If we take the following factorization, 
where function π(s) is defined as
Finally, the equation, where y(s) is one of its solutions, takes the form known as hypergeometric-type,
For our problem, the π(s) function is written as 19) where the values of the parameters are
The constant parameter k can be found under the condition that the discriminant of the expression under the square root is equal to zero. Hence, we obtain
Now, we can find four possible functions for π(s):
According to NU method, from the four possible forms of the polynomial π(s), we select the one for which the function τ (s) has the negative derivative. Therefore, the appropriate function π(s) and τ (s) are
Also by Eq.(2.17), we can define the constantλ as
Given a nonnegative integer n, the hypergeometric-type equation has a unique polynomial solution of degree n if and only if
andλ m =λ n for m = 0, 1, 2, ..., n − 1 [31] , then it follows that
We can solve Eq.(2.28) explicitly for c and by using the relation c = ε 2 + λC 0 , which
Finally, we can found for ε
We substitute ε 2 into Eq.(2.9) with λ = l(l + 1), which identifies
If we take C 0 = 0 in the Eq.(2.31), then we obtain result [32] .
Now, using NU method we can obtain the radial eigenfunctions. After substituting π(s) and σ(s) into Eq.(2.14) and solving first-order differential equation, it is easy to obtain
32)
Furthermore, the other part of the wave function y(s) is the hypergeometric-type function whose polynomial solutions are given by Rodrigues relation 
Then, by using the following definition of the Jacobi polynomials [33] :
we can write 
Using the following definition of the Jacobi polynomials [33] :
we are able to write Eq.(2.41) in terms of hypergeometric polynomials as
The normalization constant C nr can be found from normalization condition
by using the following integral formula [34] :
(−n r , 2(δ + λ + 1) + n r , 2λ + 1; s) 2 dz = (n r + δ + 1)n r !Γ(n r + 2δ + 2)Γ(2λ)Γ(2λ + 1) (n r + δ + λ + 1)Γ(n r + 2λ + 1)Γ(2(δ + λ + 1) + n r ) , (2.45)
and λ > 0. After simple calculations, we obtain normalization constant as
III. THE SOLUTION OF SCHRÖDINGER EQUATION FOR HULTHÉN POTEN-TIAL WITHIN SUSY QUANTUM MECHANICS
In the Supersymmetric QM, it is necessary to define nilpotent operators, namely Q and Q + , satisfying the algebra
1)
where A + and A − are bosonic operators.
The Hamiltonian, H in terms of these operators is given by
Supersymmetric algebra allows us to write Hamiltonians as [35, 36] 
where the SUSY partner potentials V ± in terms of the superpotential W (x)
The superpotential has a definition
where ψ
0 (x) denotes the ground-state wave function that satisfies the relation
The Hamiltonian H ± can also be written in terms of the bosonic operators A + and A
where
It is a remarkable result that the energy eigenvalues of H − and H + are identical except for the ground-state. In the case of unbroken supersymmetry, the ground-state energy of the Hamiltonian H − is zero E 0 0 = 0 [35, 36] . In the factorization of the Hamiltonian, Eqs.(3.4), (3.8) and (3.9) are used, respectively. Hence, we obtain
Thus, comparing each side of Eq.(3.10), term by term, we receive the Riccati equation for
Let us now construct the SUSY partner Hamiltonian H 2 as
and Riccati equation takes the form
Similarly, one can write, in general, the Riccati equation and Hamiltonians by iteration as
and
Because of the SUSY unbroken case, the partner Hamiltonians satisfy the following expressions [35, 36] 
In SUSY QM, the ground-state eigenfunction ψ 0 (x) can be written as Eq. (3.7) . Through the superalgebra, we make following ansatz for the superpotential:
1 − e −δr (3.17) and having inserted this expression into Eq.(3.11), we obtain
If take into account Eqs.(2.7) and (3.18), then we obtain:
After small manipulations, we obtain
where it satisfies the associated Riccati equation, so we can obtain the following identity.
With comparison of the each side of the Eq.(3.20), we obtain
After inserting Eq.(3.17) into (3.7), the eigenfunction for ground-state in terms of r will be obtained as
Considering extremity conditions to wave functions, we obtain B > 0 and A < 0.
Solving Eq.(3.23) yields 25) and considering B > 0 from Eqs.(3.22) and (3.23), we find
From Eqs.(2.9) and (3.21), we find
Finally, for energy eigenvalue, we obtain
Using Eq.(3.5), we can find SUSY partner potentials V + (r) and V − (r) in the form
(1 − e −δr ) 2 (3.30)
(1 − e −δr ) 2 (3.31)
The shape invariance concept that was introduced by Gendenshtein is [22] R(
If we now consider a mapping of the form
so, we have
where the reminder R(B 1 ) is independent of r. Thus, we have
and we obtain
Finally, for energy eigenvalues we found [37] , the SUSY [20] , numerical integration [8] and the variational method [8] . As it can be seen from the results presented in these tables, the numerical results obtained of the analytically solution are in good agreement with results of the other methods for the small δ values, but in the large screening region, the agreement is poor. Analysis our calculation is shows that the main reason is simply that when the δr increases in the large screening region, the agreement between V ef f (r) and V ef f (r) potential decreases. However, this problem could be solved by making a better approach of the centrifugal term.
It should be noted, that Eqs.(2.31)and (3.37) in cases C 0 = 0 and l = 0 is exactly the same result obtained by other works [20, 32] , also Eqs.(2.31) and (3.37) in cases C 0 = 0 and l = 0 is exactly the same result in [6] .
It is shown, that energy eigenvalues and corresponding eigenfunctions are identical for both ordinary and SUSY QM.
V. CONCLUSION
It is well know that the Hulthén potential is one of the important exponential potential, and it has been a subject of interest in many fields of physics and chemistry. The main results of this paper are the explicit and closed form expressions for the energy eigenvalues and the normalized wave functions. The method presented in this paper is a systematic one and in many cases it is more than the other ones.
Analytical solution of the modified radial Schrödinger equation for the Hulthén potential are obtained within ordinary quantum mechanics by applying the Nikiforov-Uvarov method and within SUSY QM by applying the shape invariance concept that was introduced by Gendenshtein method in which we used the improved approximation scheme to the centrifugal potential for arbitrary l states. The energy eigenvalues and corresponding eigenfunctions are obtained for arbitrary l quantum numbers. It is shown that energy eigenvalues and corresponding eigenfunctions are the same for both ordinary and SUSY QM.
Consequently, studying of analytical solution of the modified Schrödinger equation for the Hulthén potential within framework ordinary and SUSY QM could provide valuable information on the QM dynamics at atomic and molecules physics and opens new window.
We can conclude that our results are not only interesting for pure theoretical physicist but also for experimental physicist because of the exact and more general the results.
